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We study physical implications of the doubling of the algebra, an essential element in the con- 
struction of the noncommutative spectral geometry model, proposed by Connes and his collaborators 
as offering a geometric explanation for the standard model of strong and electroweak interactions. 
Linking the algebra doubling to the deformed Hopf algebra, we build Bogogliubov transformations 
and show the emergence of neutrino mixing. 
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I. INTRODUCTION 

Approaching the Planck energy scale one expects that 
the notion of a continuous geometrical space ceases to be 
valid. At such high energy scales the simple hypothesis 
that physics can be described by the sum of the Einstein- 
Hilbert action and the Standard Model (SM) action can 
no longer be valid. The Noncommutative Spectral Geom- 
etry (NCSG) model 0, treats the SM as a low-energy 
phenomenological model which however dictates the ge- 
ometry of spacetime at high energy scales. Hence, the 
aim of NCSG is to reveal the small-scale structure of 
spacetime from our knowledge of experimental particle 
physics at the electroweak scale. Following this approach 
it implies that to construct a quantum theory of gravity 
coupled to matter the gravity-matter interaction incor- 
porates the most crucial aspect of the dynamics. 

At very high energy scales Quantum Gravity could im- 
ply that spacetime is a strongly noncommutative mani- 
fold. For energies a few orders of magnitude below the 
Planck scale, however, it is conceivable to consider that 
the algebra of coordinates can be given by a slightly non- 
commutative algebra [lH3| which, if appropriately cho- 
sen, can lead to the SM coupled to gravity [3, Q • This 
slightly noncommutative manifold has been chosen to 
be the tensor product of an internal (zero-dimensional) 
Kaluza-Klein (discrete) space and a continuous (four- 
dimensional) spacetime. Thus, geometry close but be- 
low the Planck scale is defined by the product M x T of 
a continuum compact Riemannian manifold A4 (for the 
spacetime) and a discrete finite noncommutative space 
T (for the SM) composed by only two points; such a 
geometry is called almost commutative. 

This choice of the doubling of the algebra, which can 
be interpreted as considering a geometric space formed 



by two copies (branes) of a four-dimensional manifold has 
deep physical implications. As pointed out in Ref. @ the 
doubling of the algebra is required in order to accommo- 
date gauge symmetries, necessary to describe the SM, 
while the doubling of the algebra is also related to dis- 
sipation, hence to information loss, thus containing the 
seeds of quantization. 

The purpose of this paper is to show that the doubling 
of the algebra is also the main element to explain neutrino 
mixing. In what follows, we first give in Section[H]a brief 
presentation of the NCSG elements that we will then 
use. We then summarize in Section IIIII how neutrinos 
appear within this construction. In Section [IVI we relate 
the algebra doubling, which is a crucial element of the 
NCSG model, to the Hopf noncommutative algebra and 
Bogogliubov transformations. In Section[V]we show how 
the doubling of the algebra implies neutrino mixing. We 
then close with our conclusions in Section [VII 
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II. ELEMENTS OF NCSG 

Noncommutative spectral geometry is based on three 
ansatz: 

• At some energy level, close but below the Planck 
scale, geometry is described by the product of a four- 
dimensional smooth compact Riemannian manifold M. 
with a fixed spin structure by a discrete noncommuta- 
tive space T composed by only two points. The non- 
commutativity of T can be expressed by a real spectral 
triple T = {Aj^^rir,Djr), where Ajr is an involution of 
operators on the finite-dimensional Hilbert space "Hjf of 
Euclidean fermions, and T>jr is a self-adjoint unbounded 
operator in rljr. The algebra Ajr contains all informa- 
tion usually carried by the metric. The axioms of the 
spectral triples imply that the Dirac operator of the in- 
ternal space, Djr, is the fermionic mass matrix. The 
Dirac operator is the inverse of the Euclidean propaga- 
tor of fermions. The spectral geometry for A4 x T is thus 
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given by 

A = C° a {M)®Ajr = C°°(M,Af) , 
n = £ 2 {M,S) ®Hjr = £ 2 (M,S ®Hj:) 
D = D M <g> 1 + 75 <g> Djr , 

where C°°(A4,C) is the algebra of smooth complex val- 
ued functions on M; £ 2 (M,S) is the space of square 
integrable Dirac spinors over A4; Dm is the Dirac op- 
erator Pm = V~ l-7 M Vp on ■M.) an d 75 is the chirality 
operator in the four-dimensional case. 

• The finite dimensional algebra At, which is the main 
input, is chosen to be Q 

A T = M (H) © Af fe (C) , (1) 

with k = 2a and H being the algebra of quaternions. This 
choice was made due to the three following reasons: (i) 
the model should account for massive neutrinos and neu- 
trino oscillations so it cannot be a left-right symmetric 
model, like for instance C © H L © H R © M 3 (H); (ii) non- 
commutative geometry imposes constraints on algebras 
of operators in the Hilbert space; and (hi) one should 
avoid fermion doubling. The first possible value for the 
even number k is 2, corresponding to a Hilbert space of 
four fermions, but this choice is ruled out from the exis- 
tence of quarks. The next possible value is k — 4 leading 
to the correct number of k 2 = 16 fermions in each of the 
three generations. This is the most economical choice 
that can account for the SM. 

• The action functional is dictated by the spectral ac- 
tion principle, which affirms that the bosonic part of the 
action functional depends only on the spectrum of the 
Dirac operator V and is of the form 

*(/(!)). 

where / is a positive even function of the real variable 
and it falls to zero for large values of its argument, while 
the parameter A fixes the energy scale. Thus, the ac- 
tion functional sums up eigenvalues of the Dirac opera- 
tor which are smaller than the cut-off scale A. Since the 
bosonic action only depends on the spectrum of the line 
element, i.e. the inverse of the Dirac operator, one con- 
cludes that T> contains all information about the bosonic 
part of the action. 

The trace, Eq. ([2]), is then evaluated with heat kernel 
techniques and is given in terms of geometrical Seeley- 
deWitt coefficients a n . Since / is a cut-off function, its 
Taylor expansion at zero vanishes. Therefore, its asymp- 
totic expansion depends only on the three momenta /o, 
]i and fi, which are related to the coupling constant at 
unification, the gravitational constant and the cosmolog- 
ical constant, respectively. In this sense, the choice of the 
test function / plays only a limited role. Hence, 

Tr (f (t) ) ~ 2A4 .Aao + 2A 2 / 2 a 2 + f a 4 , (3) 



where 

poo 

fk = / f{u)u k - l du . 

JQ 

The gravitational Einstein action is thus obtained by the 
expansion of the action functional. The coupling with 
fermions is obtained by adding to the trace, Eq. @, the 
term 

Tri(JV,2?V) , (4) 

where J is the real structure on the spectral triple and ip 
is an element in the space Hp. 

In the presence of gauge fields A, there is a modifica- 
tion in the metric (within noncommutative geometry, one 
does not focus on g M „ but on the Dirac operator instead) , 
leading to the inner fluctuations of the metric (we now 
drop the substript jf for simplicity) 

V -> V A = V + A + e JAJ- 1 , (5) 

where A is a self-adjoint operator of the form 

A = dj [D, bj] , aj,bj e A , 
i 

J is an antilincar isometry and e' € { — 1,1}. Apply- 
ing the action principle to T>a one obtains the combined 
Eistein- Yang-Mills action. Thus, the fermions of the SM 
provide the Hilbert space of a spectral triple for a suit- 
able algebra, while the bosons arise as inner fluctuations 
of the corresponding Dirac operator. 

In conclusion, the full Lagrangian of the SM minimally 
coupled to gravity, is obtained as the asymptotic expan- 
sion (in inverse powers of A) of the spectral action for the 
product geometry M x T . This geometric model can ex- 
plain the SM phenomenology [J,13- Moreover, since this 
model lives by construction at very high energies, it can 
provide a natural framework to address early universe 

cosmological issues ma- 
in. NEUTRINOS WITHIN THE NCSG MODEL 

In the context on NCSG, neutrinos appear naturally 
as Majorana spinors (so that neutrinos are their own an- 
tiparticles) , for which the mass terms in the Lagrangian 
can be written as 

where the subscript stand for left-handed, right- 
handed states, respectively. The off-diagonal parts of the 
symmetric matrix S\ K are the Dirac mass terms, while 
the diagonal ones are the Majorana mass terms. 

Within NCSG, one can show [2| the existence of a Dirac 
operator Vjr for the algebra 

At = {(X,q L ,X,m)\XeC,q L eH,meM 3 (C)} 
- CffiHffiM 3 (C) , 
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with off-diagonal terms. In particular, one can show @ 
that there exist 3x3 matrices (3 for the number of gen- 
erations) T e , T„, Td, T u and a symmetric 3x3 matrix 
(3 for the number of generations) Y^, such that T>jr is of 
the form 



2MT) = 



S T* 
T S 



(6) 



S is a linear map 

s = s t © (s q ® i 3 ) , 

with I3 the identity 3x3 matrix and 



Si 



/ T* 
T* 
T„ 
V T e 



/ 


T 



t; 

TJ 




V T d 



with the subsripts q and j denoting quarks and leptons, 
respectively. The * denotes adjoints, while S = Si © 
(la<8) S q ) act on T-L j by the complex conjugate matrices, 
where we have splitted Hjr according to % jr =%f ®%r. 
Finally, T a linear map so that T(vr) — T rvr. 

The presence of the symmetric matrix in the Dirac 
operator of the hnite geometry T accounts for the Ma- 
jorana mass terms, while Y„ is the neutrino Dirac mass 
matrix. Hence, the restriction of 2>f(Y) to the subspace 
of T-Ljr with the (vr, vl, vr, vl) basis can be written as a 
matrix [2| 



( M* M* R 
M v 
Mr Ml 

V M v 



(7) 



where = (2M/g)K u with 



2M 



Tr(T£T„ + T*T e + 3(T*T U + T*T d ) 



1/2 



(8) 



K v the neutrino Dirac mass matrix and Mr the Majo- 
rana mass matrix. 

The equations of motion of the spectral action imply 
that the largest eigenvalue of Mr is of the order of the 
unification scale. The Dirac mass M v turns out to be of 
the order of the Fermi energy, thus much smaller. In con- 
clusion, the way the NCSG model has been built, it can 
account for neutrino mixing and the seesaw mechanism. 

In the next section we will discuss the links between 
the NCSG doubling of the algebra and the deformed Hopf 
algebra and we will show how to obtain the Bogoliubov 
transformations from linear combinations of deformed co- 
products in the Hopf algebra. The neutrino mixing in 
the context of NCSG will be then discussed in Section V. 
Mixing will appear to be implied by the doubling of the 
algebra which is the core of Connes construction. The 
neutrino mixing thus appears to be a manifestation of 
the spectral geometry nature of the construction. 



IV. ALGEBRA DOUBLING, HOPF 
NONCOMMUTATIVE ALGEBRA AND 
BOGOLIUBOV TRANSFORMATIONS 

Following Ref . [l7| , we recall that the four-dimensional 
smooth compact Riemannian manifold M. (for space- 
time) with a fixed spin structure S is fully en- 
coded by its Dirac spectral triple («4i,'Wi,2?i) = 
(C°°(M)M,£ 2 (M,S),p M )- Considering its product 
with the finite geometry (^2,^2,^2) = (Af,%f,T>j?), 
the product geometry M x T is given by 



n 2 



V = Di ® 1 + 71 ® D 2 , 
7 = 71 ® 72 , J — J\ ® J2 



(9) 



with 



J 2 = -l, [J,V] = 0, [Ji,7i] = 0, {J,7> = 0, (10) 

where, as customary, square and curl brackets denote 
commutators and anticommutators, respectively. 

We remark that the map A — > A\ ® A2 is just the 
Hopf coproduct map A—>A®l + l<8>A = Ai® A2, 
which, in order to be noncommutative, needs to be "de- 
formed". Following a well known construction (see e.g., 
Ref. [18| and references there quoted) , the deformed Hopf 
coproduct is given by 



Aa q — a q ® q H + q H ® a. 



AH 
AN 



a\ <g> q H 
H ® 1 + 
N® 1 + 



+ q~ H <X> a} 
1®H , 
1 ® N , 



Q ! 

t 



(11) 



where we have used the notation of the g-deformed h q (l \ 
1) fermionic Hopf algebra, h(l \ 1) being generated by the 
set of operators {a, a\H, N} with 



{a,a t } = 2ff, [N,a] 



[N, aT 



(12) 



and [H, •] = 0, with H a central operator, constant in 
each representation. 

Equivalently, the deformed algebra h q (l | 1) is defined 

by 



{a q ,a\} = [2S] q , [N,a q 



[N,a 



(13) 



where [H, •] = 0, with N q = N and H q = H, while [x] q 
is defined by 



(14) 



l q U q 



The Casimir operator C q is given by C q = N[2H] q 
In the fundamental representation we have H = 1/2 
and the Casimir operator is thus zero, C q = 0. Note 
that the g-deformed coproduct definition is such that 
[Aa g ,AaJ] = [2AH] q , etc., namely the g-coproduct al- 
gebra is isomorphic with the one defined by Eq. (|13l) . 
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Requiring a,a^ and a q ,a q to be adjoint operators im- 
plies that q can only be of modulus one, hence q ~ e . 
Note that in the fundamental representation h(l | 1) and 
h q (l | 1) coincide, as it happens in the spin 1/2 rep- 
resentation; the differences appearing only at the level 
of the corresponding coproducts (and in the higher spin 
representations) . 

In conclusion, we have now the prescription to work 
in the two-mode space T~L — Hi <S> H2 with the non- 
commutative g-dcformed Hopf algebra. Note that (in 
standard notation) a (£> 1 = 01, 1 <£> a = a%, with 
{a*,a 3 -} = = {a;, at}, i ^ j, i,j = 1,2. Also note 
that for consistency with the coproduct isomorphism, the 
Hermitian conjugation of the coproduct must be supple- 
mented by the inversion of the two spaces Hi and H2 in 
the two-mode space H. 

By resorting now to the result of Ref. [H| , we show that 
the coproduct turns out to be related to the Bogoliubov 
transformations. Let us dehne the operators A q and B q , 
as 



A„ 



B„ 




(e l V-e- 4 %) ,(15) 



Bogoliubov-transformed operators a{9) and a(9) are lin- 
ear combinations of the coproduct operators defined in 
terms of the deformation parameter q(9) and their 9- 
derivatives. Notice in Eq. (fT!?]) the antilinearity of the 
tilde conjugation cO — > c*0 which reminds of the anti- 
linearity of the J isometry introduced in Section 2. 1 

It is worth noting that besides our discussion on neu- 
trino mixing, Bogoliubov transformations are also rele- 
vant for quantum aspects of the theory. Indeed, they are 
known to describe the transition among unitarily inequiv- 
alent representations of the canonical (anti)commutation 
relations in quantum field theory (QFT) at hnite tem- 
perature and are therefore a key tool in the description 
of the non-equilibrium dynamics of symmetry breaking 
phase transitions (19H21) . Here we have shown that Bo- 
goliubov transformations are encoded in the very same 
structure of the algebra doubling of Connes construction. 
This links the NCSG construction with the nonequilib- 
rium dynamics of the early universe, as well as with ele- 
mentary particle physics. 

In the next section we show that the noncommutative 
Hopf algebra embedded in the NCSG construction rules 
the neutrino mixing phenomenon which is thus "implied" 
by the same construction. 



obtained from Eq. (TIT]) with q = q{0) = e i2e . The anti- 
commutation relations read 

{A q ,A\} = l , {B q ,B\} = l, 

{A q ,B q } = , {A 9 ,Bt} = tan20 . (16) 

Let us then construct the operators 

a(0) = -L(A(9)+B(9)) , 

5(0) = -L( A (9)-B(9)) , (17) 



where 
A{B) = 
B(9) = 

Hence, 



2y/2 
i/[2 



1(6) 



A 



<?(-<?) 



+ B a( _ 



A q(8) 



g(-fl) 



a(9) = ax cos 9 — i a\ sin# 
a(9) — a,2 cos 9 + i a\ sm9 



q{-8)\ ' 

s; ( _ fl) ].(i8) 



(19) 



with {a(9),a(9)} — 0. The only nonzero anticommuta- 
tion relations are 



{a(9),at(9)} = l, {5(0), tf(0)} = 1 . 



V. NEUTRINO MIXING 

Much attention is devoted to the phenomenon of neu- 
trino mixing, which opens interesting perspectives on the 
physics beyond the SM. Experimental efforts are thus 
pursued [221 ] and the quantum field theory for neutrino 
mixing (and, i n g eneral, for particle mixing) has been 
formulated |23l - [25| and is still object of intense studies 
also in conjunction with scenarios such as those of dark 
energy and dark matter [26j ] . 

In the following we summarize basic features common 
to the mixing of Dirac and Majorana neutrino helds. Our 
aim is to show how Bogoliubov transformations, and thus 
the noncommutative Hopf algebraic structures which in 
the previous section have been recognized to be embed- 
ded in the NCSG construction, enter in the neutrino mix- 
ing. Hence, neutrino mixing hnds its natural setting in 
the NGSG construction. For concreteness, we refer below 
to Majorana neutrinos (25| ; provided that the convenient 
changes are introduced, the formalism can be readily ex- 
tended to Dirac neutrinos [23 ]. 

Let us introduce the Lagrangian 



L(x) 



-0m (x)(lp- 



■M d )i/> m (x) 
M)il> f (x) , 



(21) 



(20) 



Equation (119)) is the Bogoliubov transformation of the 
pair of creation and annihilation operators (01,012) 
into (a(9),d(9)). Equations <pT |) -(fTg ]) show that the 



1 For more details on this and other features of the g-deformed 
Hopf algebra and the Bogoliubov transformation, we refer the 
reader to Refs. fl8t and llSl. 
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where we use the notation x = (x, t), while ip^ — {v\, v%) 
denote the neutrino fields with nonvanishing masses ui\ 
and 77T-2 , respectively, and ipj = {v e ,v^) stand for the 
flavor neutrino fields. We denote — diag(mi, 772,2) 
and 



M 



the mass matrices. For simplicity, we consider only two 
neutrinos; extension to three neutrino fields can be easily 
done [23l | . The mixing transformations connecting the 
flavor fields ipt to the fields ip m are 

v e {x) = v\ (x) cos 9 + v 2 {x) sin^ , 

= —vx{x)sm6 + V2{x)cos6 . (22) 

The field quantization setting is the standard one; the 
i\) m fields are free fields in the Lehmann-Symanzik- 
Zimmermann (LSZ) formalism of QFT and their explicit 
expressions in terms of creation and annihilation opera- 
tors a and or are 



Vi{x) 



r=l,2 



(2tt)4 



— it r 



(23) 



v k 4 , while r 



where u k ^(i) = e 

is the helicity index and Uk,i = \/k 2 + m 2 with i = 1,2. 
Note that the operator anticommutation relations and 
the spinor wavefunctions orthogonality and completeness 
relations are the standard ones and we do not report them 
here for brevity. 

Let Gg (t) denote the generator of the mixing transfor- 
mations Eq. ([22]): 



(24) 



u e {x) = Gg 1 {t)v 1 (x)G e {t) 
v tl (x) = G e l {t) V2 {x)G e {t) 



It is given by 
G g (t) = exp 



r / d 3 yi{v\ (x)v 2 (x) - v\{x)v\ (x)) 



(25) 

Due to the canonical anticommutation rules one can 
write Gg(t) — Ilk^eW- Moreover, in the reference 
frame where k = (0, 0, |k|), we have G%(t) = ]J r G^ r (t), 
with 

GY{t) = expjtf [u k (t)a k > k , 2 - U k (t)a r _V 2 « r _ k ,i 

-^W« r -M«M + e r V k (t)a£ ia %] },(26) 

where e r = (— l) r and 

U k (t) = \U k \ e*^"-'-"-^*, V k (t) = \V k \ e *("*.»+"*.i)t. 

For our purpose it is not essential to give here the explicit 
expression of and |Vk|; the important point is that 



which guarantees that the mixing transformations pre- 
serve the canonical anticommutation relations, i.e. they 
are canonical transformations. From Eq. (|26|) we rec- 
ognize that Gg' r (t) contains "rotation" operator terms 
(with coefficients Uk(t) and U£(i)) and Bogoliubov trans- 
formation operator terms (with coefficients Vk(t) and 

Using Eq. (|2"6| we obtain the flavor annihilation oper- 
ators 



*k,e 



G e la -k,i G e( t ) 

cos 0a k ! + sin0([/k(t)a k2 + e r Vk(t)a r \ 2 ) , 



= G] 



-k,2 



G e {t) 



= cos6»a k 2 - ahx 9 (U^(t)ai A + ^V h (t)a\j20) 

we obtain similar relations for the flavor creation oper- 
ators. We can then express the flavor fields in terms of 
these flavor annihilation and creation operators as [23] [24| 



v„(x) = 



r=l,2 



d 3 k 

(27T)! 



<k - X [«k J -(*)«k,<r+«-k,i(*)«l,a] 

(30) 

with <7,j = (e, 1), (fj.,2) . 

Inspection of Eq. ([29]) shows that the mixing trans- 
formations for the creation and annihilation operators 
produce "nested" operator rotation and time-dependent 
Bogoliubov transformations with coefficients f7 k (i) and 
Vk(t) (similar results are obtained in the case of Dirac 
neutrino fields). Since deformed coproducts are a basis 
of Bogoliubov transformations, we have thus shown that 
the field mixing ultimately rests on the algebraic struc- 
ture of the deformed coproduct in the noncommutative 
Hopf algebra embedded in the algebra doubling of NCSG. 

The flavor vacuum annihilated by the a k CT , a — e, /i, 
operators is defined by the action of the mixing generator 
on the vacuum |0)i,2 annihilated by the a ki , i = 1,2, 
operators (a k 1 10) 1,2 = = a k 2 |0)i,a) as 

|0(e,t)) e ,^G 9 - 1 (t)|0) 1>2 . (31) 

The expectation value of the number operator Qf k ^a k -, 
i = 1,2, in such a vacuum state |0(6*,i)) e , M is nonzero, 
i.e. 

eAmK\a r k Mt))e,» = |14(t)| 2 sm 2 (9), i = 1,2, 

which expresses that the flavored vacuum is a condensate 
(of couples) of i-neutrinos, * = 1,2, hence its nonpertur- 
bative nature. It vanishes in the |Vk(t)| — > limit, i.e. 
in the commutative limit where the Bogoliubov transfor- 
mations are eliminated (cf. Eqs. ([2U])'). We remark that 
the space of the neutrino flavored states is unitarily in- 
equivalent to the space of the mass neutrino eigenstates. 
Indeed, in the limit of the volume V going to infinity, one 
obtains 



|t/k| 2 + |Vk| 



(28) 



,<0|0(t)) e 



, as V — > 00 for any t, 



(33) 
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which shows that |0(t)) e . /J and |0(f)) 12 are unitarily 
inequivalent representations of the canonical anticom- 
mutator relations. In the absence of mixing (9 = 
and/or mi = UI2) the orthogonality between |0(t)) e ,^ 
and |0(t)) 12 disappears. Equation (|33|) can only hold 
in the QFT framework; since there unitarily inequiva- 
lent representations exist, contrarily to what happens in 
Quantum Mechanics (QM) where the von Neumann the- 
orem states the unitary equivalence of the representa- 
tions of the canonical anticommutation relations. Equa- 
tion (|33|) also expresses the nonperturbative nature of the 
field mixing mechanism. 

The single (mixed) particle flavored state is given by 

!<.(*)) = <„(t)|0(*)>e,„ = <V(*K>)i,2 , (34) 

where er, i = e, 1 or /i, 2 . States with particle number 
higher than one are obtained similarly by operating re- 
peatedly with the creation operator oi£ a . The momen- 
tum operator for the free fields is 



P i = J2 /A^oJ^-aV^) 



(35) 



with i = 1,2. For mixed fields, one has P<r(i) = 
Gg l (t)PiGg(t), namely 

p*®= E /Ak(i(«w, f (t)-4,w«w( t ) 

r=l,2 •* 

(36) 

for ct = e,/x with P e (t) + P M (i) = Pi + P 2 = P and 
[P,Ge(t)] = 0. The total momentum is of course con- 
served, [P,-H] = 0, with H denoting the Hamiltonian. 
The expectation value on the flavor vacuum of the mo- 
mentum operator P a (t) vanishes at all times: 



The state \al 



e , M (0(i)|P<,(t)|0(t)) e , M =0, a = e,fi 



(37) 



l a k e (0)) i s an eigenstate of the mo- 



mentum operator P e (0) at time t = 0, P e (0)|a 



k.e/ 



*k,e/ 



At time i ^ the normalized expectation value 



for the momentum in such a state is 

«JP.(i)Ke) 



KJt) = 



(ar e |P CT (0)|/ a r, 



= l{<e(*) ) <e(*0}| 2 + IK- T k,e(*)><e(*')}| 2 > 

for cr = e,/i. Note that ?^ a (t) behaves actually as 
a "charge operator". Indeed, the operator a£\ a k i ~ 
a -k i * s ^ ne fermion number operator. Therefore, 



-k,i L 



the explicit calculation of (t) provides the flavor 
charge oscillation. We obtain 



|^k| 2 sin 



|C/k| 2 sin 2 



2 w /c,2 — 



7^ e (i) = l-sin 2 20 
t ■ 



4. 1 It/ |2 • 2 W fc,2 + 

i+|Vk| sin — ; — - 



Wfcl 



t+ |y k | 2 sin 



KJt) = sin' 29 

2-2 w fe,2 + w fc,l 



-t 



(38) 



Notice that in the absence of the condensate contribu- 
tion, i.e. in the |Vk| — > limit (\Uk\ — > 1), the usual 
QM Pontecorvo approximation of the oscillation formu- 
lae is obtained. In the same limit, the noncommutative 
structure of the Hopf coproduct algebra (and the related 
Bogoliubov transformation) is lost. The quantum field 
nonperturbative structure is thus essential for the NCSG 
construction. 



VI. CONCLUSIONS 



We have shown that neutrino mixing is naturally em- 
bedded within the NCSG model. This has been obtained 
from the doubling of the algebra A = A\ <£> A2 acting on 
the space H = %\ ® In fact, considering the mix- 
ing of two Majorana neutrinos, we have seen in Section 
V that the transformation linking mass annihilation and 
creation operators with the flavor ones is a rotation com- 
bined ("nested") with Bologiubov transformations (cf. 
Eqs. ([29])). This transformation is the seed of the mixing 
annihilation and creation operators leading to the uni- 
tarily inequivalence between the two vacuum states, i.e. 
mass vacuum and flavor vacuum. In Section IV we have 
shown that the Bogoliubov transformed operators a(9) 
and a(9) are linear combinations of the coproduct oper- 
ators defined in terms of the deformation parameter q(9) 
and its ^-derivatives, obtained from the doubled algebra 
A = A\ ®A2- Neutrino mixing is thus intimately related 
to the algebra doubling and, as such, it is intrinsically 
present in the NCSG of model. 

We stress that Bogoliubov transformations act on op- 
erators, so our discussion is framed in the quantum op- 
erator formalism. Thus, the doubling of the algebra in 
Connes' construction appears to be grounded in the QFT 
Hopf deformed algebra, and in turn this has been shown 
to involve field mixing. Having to do with fields intro- 
duces crucial features in the formalism. From the one 
side, it means that we have an infinite number of degrees 
of freedom (therefore we have to consider the continuum 
or the infinite volume limit). On the other side, as it 
emerges from the discussion presented above, the alge- 
bra doubling, through the Bogoliubov transformations, 
combines the field operator positive frequency part with 
the negative frequency one, leading to the noncommuta- 
tive features. 

It has been shown in Ref. @ that the gauge structure of 
the Standard Model is implicit in the algebra doubling, a 
key ingredient of the NCSG construction. In the present 
paper we havef established the link between the algebra 
doubling and the field mixing, concluding that Standard 
Model derivated from the NCSG model, includes neu- 
trino mixing by construction. 
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